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Abstract. This paper presents a method of constructing the exact solution of the ring-plate problem. The method
is based on the general solution formula (nonseries form) of the biharmonic equation. The method changes solv-
ing the boundary-value problems of the ring plate into solving three functional equations and computing the
coefficients of a simple Fourier series, or only solving four functional equations. The method is believed to be
new. The simpler formulas of the solutions of all cases of the ring-plate boundary-value problems without any
free boundary are obtained. Several examples are given.
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1. Introduction

The lateral deflection in ring-plate problems, which are of engineering importance, is described
by the single equilibrium equation [1-2]:

V=100 00, n
where 2 is the Laplace operator expressed in polar coordinates (r,6), ¢(r,6) is a continu-
ously distributed lateral load, and D is the constant flexural rigidity.

Many techniques exist for solving the ring-plate bending problem. These techniques range
from fortuitous exact solutions that are obtained by separation of variables, via numerical
approximations such as finite-element and finite-difference approaches, to the various approx-
imate energy methods such as Rayleigh-Ritz and Galerkin ([1, pp. 282-312], [2, pp. 313-328)]).

How to construct exact solutions of bending problems involving a ring and plate under
various loading and boundary conditions has been discussed by numerous authors (]2,
pp. 313-328], [3, pp. 367-394], [4, pp. 746-785], [5-9]). The finite-form exact solutions of
the symmetrical bending cases are given in [5-9]. For the general case, the classical Fourier-
series method allows us to find its solution [4, pp. 746—785], [5]. By the classical Fourier-series
method, the general solution of (1) can be expressed as (see [4, pp. 746-785], [5])

w(r, 0) =wy(r, 6) +c01r2 +002r2 logr + co3 + coq logr
-i-(Cui’3 +012r_1 +c13r +c14r logr) cos 6
+(dy1r> +dior " 4 dysr +digrlogr) sinf

o
+ Z(Cnlrn+2 +epar™ F eu3r " 4 cpar ™) cos nd
n=2

o0
+ Z(dnlrn+2 +dy2r"™ +dy3r " - dyar ~") sinné,
n=2



36 P Gao

where wq(r,0) is a special solution of (1). It is well known that, for a ring-plate problem,
the above solution must satisfy four boundary conditions, and by these conditions, eight lin-
ear algebraic equations for the coefficients ¢,; and d,; (j=1, 2, 3, 4) are obtained. However,
it is extremely difficult to solve these algebraic equations and the obtained formulae of the
coefficients ¢,; and d,; (j=1, 2, 3, 4) are very complex. The question arises whether or not
there exists a simple method for constructing the exact solution of the ring-plate problem. The
purpose of this paper is to present a simple method for solving the ring-plate problem. The
method is based on the general solution of (1), which is given by (see [10-11])

w(r, ) =wo(r, 0) +r’[f1(re'?) + g1 (re )]+ @1 (rel?) + ¢y (re ™9, ©)

where wq(r, 0) is a special solution of Equation (1) and fi, g1, ¢ and ¥ are four arbitrary
functions. Let z=re?, z=re ™, fr(z) =zf1(z) and g»(z) =zg1(z), so that

w(r, 0) =wo + 2 f2(2) +282(2) + ¢1(2) + ¥1(2).

If we take g2(2) = f>(2) and ¥1(Z) =¢1(z), the above equation becomes

w(r, 0) =wo+2zf2(2) +z2(2) +¢1(2) +¢1(2),

which is the standard Muskhelishvili representation [12].
The method presented in this paper can be briefly described as follows. First, substituting
fi@=fdog?), g1(x)=glog %), p1(z) =¢(og7) and Y1(z) =y (log¢) in (2) yields

w(r, ) = wo(r. 0) + r> [f (1og :—l +ie> tg <log£ —i@)]

+o (log:—l—i-ie) o (log:—l —ie), 3)

where f, g, ¢ and ¢ are single-valued functions of 6. Second, by (3), the solution of the ring-
plate boundary-value problem is represented in terms of four arbitrary functions that reduce
to a single such function upon satisfaction of three boundary conditions. Finally, in order to
satisfy the fourth boundary condition, the single arbitrary function is decomposed into a Fou-
rier series. The method is different from the power-series method described in [13]. The author
has tried to construct exact solutions of ring-plate problems by the Muskhelishvili representa-
tion [12] and find a generalized formulation of the boundary conditions similar to that posed
by Tseng and Stippes [13]; however, these attempts have remained unsuccessful, since there
are only two arbitrary functions in the Muskhelishvili representation and the boundary con-
ditions considered in this paper are nonvanishing.

2. At least one built-in boundary and no free boundaries

In this section, we show how to construct exact solutions of ring-plate boundary-value prob-
lems with at least one built-in boundary and no free boundaries by the method described in
the article. The boundary conditions considered here are nonvanishing, which is interesting in
engineering and mathematics.

In what follows Re[F (r, 0)] means the real part of the complex function F(r,6). We shall
prove a lemma first.
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Lemma 1. If wy(r, 0) is a special real solution of Equation (1), then the following function
w,8) = 030,00+ = [ (1og - +i8) —' (—log - +i6)]
’ ’ b2 —a? b b
az(r2 —bz) roo. roo.
+m [n <10g E +19> +n (— lOg E +19):|
20,2 2
a“(r<—>b°) br . br .
—m [n <10ga—2+19)+n<—10ga—2+19>:| 4)
is a solution of (1) satisfying the following boundary conditions

0 _
w(a, 0)=So(6) 8—1:(a,9)=a0(9) w(b, 0)=S0(6), &)

where n(z) is an arbitrary function, and

P2 p2 log £ +i6
wa(r, ) =wi(r,0) + —5Re / a(—iv)dv
a—b —log Z+i6

2 2

wi (. 0) = wo(r, ) + ;2_—6129% [wo <a, 6 —ilogg) — S (9 —ilog 2)]
r2_a2

e [wo (b6 —ilog %) ~ 5 (0 —ilog zr";)]

0)=2 | ap@) — 2 (4.0
af )—§|:(¥0( )—?(a, ):|

Proof. First step. To make the solution (3) satisfy the boundary condition w(a, 8) = Sy(6), we
must put

a?[f(i0) + g(—i0)] + ¢(i0) + ¥ (—i6) = So(8) — wo (a, ) = S(0). 6)
Letting
a’ £(i0) +¢(i0) = S(©O) + h(i0), (7

where h(z) is an arbitrary function, by (6) and (7), we have

a’g(—i0) + v (—if) = —h(ih). ®)
The substitution § = —iz transforms (7) into

a’ f(2) +¢(2) = S(—iz) + h(2). )
Similarly, substituting 6 =iz in (8) yields

(@) + Y () =—h(-i2). (10)
By (9) and (10), we find

{(p(z) = —a?f(2) +h(z)+ S(—iz), an

¥ (z) = —a’g(z) — h(—iz).
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Substituting (11) in (3) yields
w(r, 0) =1 (. 0) + (r2 —a2> [f (1og 2 +ie) tg (logg —i@)]
r . r .
+h (log;—l—l@)—h(—log;—i—l@), (12)
where
By (r. 0) = wo(r. 0) — wo (a, 6 —ilog 2) +5 (9 —ilog 2) .

Second step 2. Similar to step 1, if we let the solution (12) satisfy the boundary condition
w(b, 0) = Sp(0), we get

(b*—a?) |:f (log éJrie)Jrg (log 9-1@)] +h <1og b +i9) —h (— log b +i€> =5@), (13)
a a a a

where S(0) = So(0) — w; (b, ). Letting

Y (log g + ie) +h <log Z + i9> =5() +k(i6), (14)
where k(z) is an arbitrary function, by (13) and (14), we obtain

(B> —a)g (logg - i@) —h (— log g +i(9> = —k(—i0). (15)
Equations (14) and (15) imply that

1 b\ ol . b
f(Z)zm {—h(z)+k(z—10g;>+5[—1 (z—log;)}},

1 b
g(Z)Zm |:h(—z)—k(—z+log ;):| . (16)

Substituting (16) in (12), we have
_ r?—a® ) r r? —b? ro. roo.
w(r,0)=wi(r,0)+ mS (9 —1log Z) + m [h <10g ; +19) — h(— log Z +19)]
2 —a? ro. ro.
ts [k (log;+19)—k<—log;+19)]. 17)
A straightforward computation shows that
72 _ g2
—a
wr (r, 0) = w1 (r, 9)+ e ( llogb)
r2 b2 . r . r
=wy(r, 9)+ 2 [wo (a,@—llog;)—So (9—110g5>]
2_ 2
rc—a ) r - . F
+m [wo (b, 0 —ilog E) — S (9 —ilog l_)>] .
Noting that if w(r, 0) =W (r, 0) +1W(r, 6), where W;(r, 0) and W;(r, 6) are two real functions,
is a solution of (1) satisfying the boundary conditions w(a, #) =Sy(9) and w(b, 6) = Sy(6), we
have that Wi(r,6) is also a solution of (1) satisfying the two conditions. Thus, if we denote
w (r, 0) =Re[wy(r, 0)], then the following function
2 p2
—b ro. roo.
WO =wi(r6)+ s [h <log - +19) —h (—1og - +19)]
r2—a? . ro.
~|—m [k (10g;+1€)—k(—logz+19)], (18)
is a solution of (1) satisfying the boundary conditions w(a, 8) = So(8) and w(b, 8) = Sy(0).
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Final step. Using (18), we compute

%:%U%bz [ (1og > +i0) — i (~10g = +i6)]

Y Y E )

n r<—>b
(a2 —b>r

+I)22——raz [k (log%—}—i@) —k (—1og 1% +ie>]

e 1 (e +0) 0 (g 4]

To make the solution (18) satisfy the boundary condition %—lﬂr:a =ap(0), by the above equa-
tion, we must put

gh/ (i0) + % [k (1og % +i9) —k (— log % +i9)] = ap(60) — 83%(1;, 0),
which implies
K (i0) = % [k (logg+i9) —k (— log%+i9>] +a), (19)

where a(6) = 5[ao(0) — a%(b, 0)]. Substituting 6 = —iz in (19) yields

()= % [ (tog 3 +2) =k (~log 2 +2) | +a(=ia). (20)

Denoting k(z) =n’(z), (20) becomes
2

W)= a—b2 [n/ (log % +z> —n' (— log % +z)] +o(—iz).

a2
After integration we obtain
2 b4
a a .
o [n (logz—l—z)—n(—logz—i—z)]—i—/ a(—iv)dv. 2n

Substituting k(z) =n'(z) and (21) in (18) and simplifying yields

h(z)=

w(r, 0)=w,(,0)+ % /_1?:221 a(—iv)dv
= [ (g i) = (~tog - +i6)]
+H [ (102 +i6) +n (~log - +i0)

T (og 2 4i6) +n (= 1ogn +i0
————|n — n|—logn— ,
B —a2)? &3 gn—3

which implies that the following function

w(r, 6) = wa(r, 0) + % [n <log£+ie) —w (— log % +ie)]
a2 —b?)

Y [ (1og 5 +i6) +n (~log - +i6) ]

a*(rt—bph) br . br .
_m n loga—2+19 +n —loga—2+16
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is a solution of Equation (1) that satisfies the boundary conditions (5), where

P2 p? log L +i6
wa(r, ) =wi(r,0) + —>5Re / a(—iv)dv |.
as—b —log L+i6

This completes the proof of Lemma 1.

From steps 1-3 we can see that multi-variable functional equations can be solved easily. It
seems not to be hard to construct the solution of the ring-plate problem by Lemma 1. Unfor-
tunately, it is very difficult to solve the single-variable functional equation. For example, if we

let (4) satisfy the boundary condition %—’f(b, 0)=ay(0), we have
a’b?

m |:2n(i9) —n (2 log g +i9> —n (—2log g +i9>] +n"(19)=&(9), (22)

where a(0) = %’[&0(9) — 8%(b,é’)]. Except for some simple cases, the author did not find the

solution of (22).

To construct solutions of the ring-plate problem with at least a single built-in boundary
and without a free boundary, we combine Lemma 1 with a Fourier-series method. Substitut-
ing n(z)=Y o2 ape™ in (4) and simplifying yields

oo

wr ) =wr(r. 0+ > @n(r)ae™, (23)

n=—0oo

where

_n(rz—az) rn (B\"] @2 =02 [ e (B\" (br\" [a*)"
wo="5= 2 |G -(0) = | G+ () () -(5r) | e

We may easily verify that

P-1r) =) =¢1(1 =0 @(a)=¢u(b)=¢,(a)=0,

232
o) =0a () @B =F {2+ G2 2= (D> — (], (25)
2 2y,,2 2
¢n(b) =25 4 s [24 2n = D(H™ = 2n 4 (D)™

By use of (25), (23) can be written as

o0
w(r, 0)=wa(r,0)+ Z 00 (M) (ane +a_,e= %)
n=2

oo
=w)(r.0)+ Y _ @u(r)(A, cosnd + B, sinn), (26)
n=2
where A, =a, +a_, and B, =i(a, —a_,).
Obviously, (26) can not be used to construct the solution of the ring-plate problem with
a built-in boundary and no free boundary. To do this, we must add two terms in (26). From
steps 1-3, we can see that the latter part in (4), viz.

0.0) = = [ (tog -+ i8) —'(—1og & +16)
a2 (2 = b?)

r . r .
+—(b2—a2)2 [n (logz—l—w)—i-n(—logz—i-le)]
2(r2 — p? b b
e —b) )[n (log—;+i0)+n (—log—;+i9>], 27)
a a

(2 —a?)?
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is a solution of the homogeneoui equation v*w =0 of Equation (1) satisfying the boundary-
value conditions w”(a, 6) =0, aair(a,e)zo and w"(b,0)=0.
Substituting n(z) = A—lt(b2 —a?)z? in (27) yields
wl (r,0) = Go(r) = (b* — a®) (r* — a?) log lr—) +2a%(r2 — k) log % log =
a
which implies that
woo(r, 0) = Ao@o(r) (28)

is a solution of the homogeneous equation v*w =0 of Equation (1) satisfying the boundary
conditions wqy(a, 8) =0, a’?,”—r‘)(’(cz, 0) =0 and wgy(b, ) =0, where A is an arbitrary constant. It
is not hard to show the following:
Po(a) = @y(a) = go(b) =0,
1

_ b
syr=7 [(bz @) — a2 log? 5] , (29)

1 b\2
¢g(b):b_2 |:3b4+2a2b2 —a* —4a%p? (1 +log -) } .
a

Similarly, substituting n(z) = —b(b* —a?)?ze? in (27), we obtain

wi (r,0) =1 (r)e” (30)
and substituting n(z) = —b(b> —a?)?ze? in (27), we have

wh (r,0) =1 (e, (31)
where

1 1
o1(r)=- (az —b? 4267 log é) (r2 —a®)? — - (b —d)? <a2 — 124272 log i)
r a r a
Equations (30) and (31) imply that
w1 (r, 0) =@1(r)(Ajcosf + By sind) (32)

is a solution of the homogeneous equation v*w =0 of Equation (1) satisfying the boundary
conditions wq(a,0)=0, 8;’;“ (a,0)=0 and wg;(b,0) =0, where A; and B; are two arbitrary
constants. It is not hard to show that

@1(a) =@} (a)=¢1(b) =0,
@1 (b)=4 |:(b4 —a*)log S — (b? —a2)2j| , (33)

4 b
@ (b)= . [(3174 +a*)log = —2b%(b* — a2)] )
a
By the principle of superposition, Equations (26), (28) and (32) imply that
w(r, 0)=wy(r,0)+ Agpo(r) + @1(r)(A; cos6 + By sinf)
o0
+ Z ©n(r)(A, cosnb + B, sinnb) (34)
n=2
is a solution of (1) satisfying the boundary conditions (5).

Next, we use (34) to construct the solutions of ring-plate problems with built-in bound-
aries and no free boundary. The solutions are given in the following two Theorems.
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Theorem 1. (Two built-in boundaries) The solution of the following ring-plate problem
Viw=pr.0)  wa. 6)=5®) %&mm=wwx
w(b, 6) = So(6) Z—zj(b, 0)=0(0) (35)
is given by
w(r, 0)=wy(r,0) + Agpo(r) + @1(r)(A1 cos6 + By sinf)

o0
+ Z ¢, (r)(A, cosnf + B, sinnb),

n=2
where
1 2n 1 2
=——// a(0)de, A1=_—/ @(0) cosado,

2y (b) Jo @ (b Jo

1 2 1 2

31=T/ a(f)sin6do, Anz,—/ a(0) cosnddo,

7@ () Jo 70, ) Jo

1 2 _ . _ N dwr
B,,:—/ a(@)sinnfdd, a(@)=ag(B)— —(b,0).
e, b) Jo or

By (34) and the boundary condition %—’f(b, 0)=ap(0), we have

o0
Ao@)(b) + @] (b)(A| cost + By sind) + Y _ ¢, (b)(A, cosnf + B, sinn) =a(6),
n=2
which implies the Theorem.

Similarly, we have the following Theorem.

Theorem 2. (The boundary r =a is built-in, the boundary r =b is simply supported). The solu-
tion of the following ring-plate problem

d
Vw=pr.0),  wa 0)=50), a—l:)(a,9)=ao(9),

(36)
(b,0)=5(0) Pw (Lo, 10w Mo(6)
w . = . _— —_——_— _—— =
0 a2 T\ TiZeer )| T
r=
is given by
w(r, 0)=wy(r,0)+ Agpo(r) + @1(r)(A; cos6 + By sinf)
o0
+> " @u(r)(Ay cosnd + B, sinn),
n=2
where
b 2 b 2
Ag= _ _ M©)do, A} =—— _ M(6) cos6d6,
27 [bpy (b) + u@y(b)] Jo n[bgy (b) + gy (b)] Jo
b 2m b 27
Bi=—— — M(©)sin0do, Ay = —— - M (6) cosndde,
w[bg{ (b) + gy (b)] Jo 7[bg) (b) + 1), (D)] Jo
b 2 9%wn 1wy, 1 82wy
B,= M(0)sinnodo, M©)=My@O)—| —= == .
"l ) + g Jo MO 00, MO=MO) [w2+“ﬁ~w rﬂam],J

Next, three examples are given.
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2.1. EXAMPLE 1

Consider the bending of a uniformly loaded ring-plate built-in around the curve edge r =
a, and bending moments m (5 0) acting around the curve edge r =b. In this case, we have
q(r,0) =qo., So(0) = So(0) =ap(6) =0, and Mo (6) =m.

It is not hard to verify that wo(r, §) = Ar*(where A= 65{—0[)) is a special solution of Equation
(1). By Lemma 1, we have

22 22

wi(r.0) = wo(r. 0) + 5N [wo (a.0—ilogZ)] + e [0 (6.6 —ilog )]
=A@r? —a)(r* —b?).

Noting a(0) =75 [ao(é’) - 8%(a, 0)] = Aa®(b* —a?), again by Lemma 1, we get
2 _p? log 7 +if
wa(r, ) =wi (r, 9)+ﬁ9‘{e / Aaz(bz—az)dv
as—b —log £+i0

=A@r?—b?) <r2 —a*—2a* log 1) .
a

A straightforward computation shows that

|:82w2 (1 ow»n 1 82w2):|
M©) = Mo(®) — | S22 4 L L3

or2 roor o r? 992

r=>b
b
=m—2A [(1 + ) <b2—a2 — 24’ log —) +4(b2—a2)] .
a
Using Theorem 2, we have

o m—2Ab[(1+p) (b* —a® —2a*log &) +4 (b* —a?)]
" b3 (b) + gy ()

)

Ap=B,=0n>1).
Theorem 2 implies that the solution of the boundary-value problem is given by
w(r.0) =A@ — b?) <r2 —a?—24’log 5) + Ao@o(r).
a

A straightforward computation shows that the bending moment acting around the curve edge
r=ais 4 [A(a2 — b+ A (b2 —a’+b*log %)] The greatest deflection is attained on the cir-
cumference r =ro(b <ry<a), where ry is a solution of the following hyperequation

r

3 2 2_b2
W _ 4 [zr (22 —a®— b ~2a10g - ) - M} + Ao} (r) =0,
0 a r

which can not be solved algebraically.
It is not hard to verify that, if the inner radius » reduces to zero, the solution becomes

w(r, 0)= Ar? (r2 —a*—-24? log i) ,
a
which is different from the solution w(r, 6) =A(r2 —az)2 of the circular-plate problem of uni-
formly loaded plate, built-in around the curve edge r =a (see [10]).
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2.2. EXAMPLE 2

Consider the bending of a ring-shaped plate of linear varying loading, built-in around the
curved edge r =a, and bending moments m(£0) acting around the curved edge r =b.

In this case, we have g(r,0) = %r cos 8, Sp(0) = So(0) =ap(0) =0, and My(0) =m. It is not
hard to show that the function wo(r, 8) = Br> cos# — where B = 1,@# — is a special solution
of (1).

Similar to the Example 1, we have

5 r2—b? 5 . r
wi(r,0)=Br’cosf + Re [Ba cos(@—110g—>]
b2 —a? a
2_ 2
+%Eﬁe [Bb5 cos (0 —ilog %)] .

Noting cos(d —ilogZ) = %(elog ati0 4 g log G—ify — %(:—Z + ) cosf + %(2 —%)sin6, we have

B

7 (r2 - az)(r2 — 192)(2r2 +a’+ bz) cos6.
,

wi(r,0)=
Since a(0) = Sa(b* —a®)(3a*>+b*) cos6, we have

72 2 log Z2+i6 g
wa(r, 0) =wi (r, ) + —=Re / Za? —a*)(3a* + b?) cos(—iv)dv
a

—b? —log Z+i0
B
= 2—(r2 —a®)(r? —b*)2r* +a* +b*) cosb
r
2 2
r-—b“ B 2 2 2 ) r a
+mza(b —a )(3(1 +b )(;—;)COSQ

B
= —(r2 — az)z(r2 — bz) cos 6.
’

A straightforward computation shows that

2 2
M(@:m(e)—[_a “’2+,,L<1BWZ+ 13 wz)}

ar2 roar 12 962
2B(b* —a?)
b

r=b

=m

[(7+wb? + (1 — w)a*]cosd

Using Theorem 2, we have B =0, A,=B,=0(n>2), and

mb

AO - <
b (b) + ugy (b)
and

B 2B(b* — a®)[(T+ w)b* + (1 — p)a?]
b (b) 4 ugy (b)

1 =
Theorem 2 implies that the solution of the boundary-value problem is given by

w(r,0) = Aogo(r) + [?(rz —ah)?(r? —bH) + A1¢'>1(r)] cos#.
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By the above solution, the greatest value of the deflection always occurs on the line x =00 =0
or f =), and a straightforward computation shows that the bending moments acting around
the curve edge r=a is

92w 10w 1 92w
[ 2+u<——2+——2)}' =44 [bz—a2+(a2+b2)log%]
r=a

ar2 r or  r? 362
2 o A4 4,00, b
+4|2Ba(a”—b*)+—a"—b"+4a“b"log — ) | cos b,
a a

which implies that the largest bending moment around the curve edge r =a is 4|Ao[b? —a® +
(@ +b?) log 41| +4[2Ba(a® —b?) + AL (a* — b* +-4a”b? log £]|, and occurs at the point (a, 0) or
(a, ).

It is clear that, if the inner radius b reduces to zero, the solution becomes

w(r,0) = Br(r* —a*)? cos,
which is the same as the solution of the circular-plate problem with linear varying loading,
built-in around the curve edge r =a (see [10]).
2.3. EXAMPLE 3

Consider the bending of a ring-plate with the load sin %9, built-in around two curved edges.
In this case, we have ¢ (r, 8) =sin %9, S0(0)=So(0) =ap(8) =p(P) =0, and it is not hard to see
that the function wo(r, 8) = por*sin %9 — where pg= % — is a special solution of (1). By
Lemma 1, we have

(r,0) 4Sin19~|—r2_b29‘i 4sinl(9 ilo r)
r, = r — — Re - _ r
! PO 20 br-a? pod 2 &a
2__ 2 1 1
+—;2 _22 SRe |:p0b4 sin 5 (0 —1 10g ;—)):| :po(p(r) sin 597

where

(=t 4 —b2><\[ f) B —a? \[ \[
=T 502 2@2—p2)

Since a () =—2%¢'(a) sin 5 9 we get

’ 232 log £ +i6 .
wz(r,0)=w1(r,9)—wme|:/ : sin(—%v)dv:|

2(02 _bz) —log Z+i0

=y (r)sin l9,

where ¥ (r) = po [go(r) + —‘M ([ \/g )] By the above equation, we have

b 24/ ab 1 1
_(9)_—&|}p/b D :|S1H—@=K()Sln59.

2 a+b 2

Using Theorem 1, the solution of the problem can be expressed as

w(r, 0) =w(r, 9)+£|:(P0(”) ¢1(r)cosf i M}
T

2600)  3¢1(b) o (I —dnd)g, )
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Next, we use Lemma 1 directly to construct the solution of this boundary-value problem. In
the example, the functional Equation (22) becomes

2p? b b
n’ (i6) + 2a— [2;1(19) —n (2log - +i9) —n <—2log - +i9)}
(a=— a a

b2)2
bl , 2/ab 1
= ) |:(p b))+ m(p (a):| sin 59. (37

Substituting n(z) =§p sin %z in (37) and simplifying yields

1 a’b? b b 1 bl , 2ab |, 1
8: el (:ﬁ;)”sz@——z[ﬁ”"’”m‘”‘”}mz@’

which implies 8o = —% [90’ b))+ Zagw’ (a)]. Substituting n(z) = §g sin %z in (4) and sim-
plifying yields

8o(r? —az)
w(r,0)=wy(r,0) + ———— 207~ - — sin — 9
2
+80a (r?— b2)2 \/7 \/j_ /ll_ [ )sm 9.

Indeed, a straightforward computation shows that the above function is the solution of the
ring-plate problem. The solution is simpler than that of the Fourier-series form.

3. Two boundaries are simply supported

In this section we shall derive the formula of the solution of the ring-plate boundary-value
problem with two simply supported boundaries. Similar to Section 2, we need the following
Lemma.

Lemma 2. If wo(r,0) is a special real solution of Equation (1), then the following function

w(r, 9)=w2(r,9)+% [n’ <log£+i6) —n (—logg—i—ie)]

P Gl ) [ (1o % +i6) —n' (~log % +i0)]

A(a? —b?)

a0 [ (tog ) +10) n( —1og - +10)|
—(HA“(L“;Y;_)”Z) [n(log%—i—i@)—i—n(—log%—i—i@)] (38)

is a solution of (1) satisfying the following boundary conditions

w(a,0)=So(0) w(b,0)=S50(),

(39)
92w low 1 3%w M@
ar T taaer ||| TM@:

r=a
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where n(z) is an arbitrary function, and

20,2 _p2 log = -+i6
wr(r, 0) = w1 (1, 0) + ") e f M(—iv)dv
2A —10g£+i9

M) = Mo (0) 92w, n 1 0wy n 1 392w,
- ar2 H r or r2 962

A= (14 )a? + (1 — p)b?

r=a

and wi(r,0) is given in Lemma 1.
. .. 2
Using (18) and the boundary condition [%T’f +u (%
forward computation shows that

2

<
S

|—
=

+

r r

D
¥

Il

K (i0) = % [k <log % +i9) —k (— log % +ie>]

2T (log & +i6) K (~log & +i6) ] +

A 2A

Inserting k(z) =n’(z) and 6 =—iz into the above equation yields

S S R

A b
612(02 _ bZ)

+% [n” <z+10g %) +n"” (z —log %)] +—— M(-i2).

2A

Integrating the above equation yields

1= o o) et )
2

The above equation and (18) imply that Lemma 2 holds.
Substituting n(z) =>02 __ a,e" in (38) and simplifying yields

n=—oo

o0
w(r, 0)=wy(r,0) + Y _ Yn(r)(Ay cosnd + By, sinnf),
n=2

where A, =a, +a_, and B, =i(a, —a_,), and

n(r2—a®) [ /ryn b\"
=" [<z) —<;>}

22 =b?) o (a2\" az(rz_bz) b
(R e =T |

a2(a2 _ b2)

+2% [n/ (z+10g %) +n' (z—log %)] + # [)Z M(—iv)dv.

47

_g})] ‘r:a =My(9), a straight-

(40)
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It is clear that the latter part in (38)
2_ 2
h _rr—ar, ro. / roo.
w (r,G)_m[n (logz+19)—n (—logz+19)]

2a%(r2 — b?) [ﬁ(logi +i9) _n/(_10g lr_) +ie>]

A@-b?) .
+2Zz(g+:blf))[n/<log%+ie) ' (—tog 25 +i6)]

(1 +Aﬂ()a?ir;—) b?) [n(log % +i6) +n( ~og % N ie)]
_(1+Aﬂ()aaz2£r;—)b2) [n(logl;—;+ie)+n(_logz_g+ie>] .

is a solution of the homogeneous equation v*w =0 satisfying the following boundary condi-
tions

0%w low 1 9w
r=a
Similar to Section 2, substituting n(z) = 2274222 in (42), we get

r a r
wj(r.6)= A" —a’)log ; —a’ [4 +2(1+ ) log Z] (r2 - b2> log = = o (r).

which implies that wgo(r, 8) = AgWo(r) is a solution of the homogeneous equation v*w =0
satisfying the boundary (42), where Ag is an arbitrary constant. Again similar to Section 2,
we can also find that wg(r,0) =y (r)(A;cosd + By sinf) is a solution of the homogeneous
equation v*w =0 satisfying the boundary conditions (42), where A and B; are two arbitrary
constants and

= 1 = fz)(ﬂ -, {r log % MGl [(3A JE ;)i“b;r)il — wb*r?] log g
By the principle of superposition, the following function, viz.
w(r, 0) =wa(r,0)+ Ao (r) + 1 (r) (A1 cosO + By sin6)
+ i ©n(r)(A, cosnb + By, sinnb), (43)

n=2

is a solution of (1) satisfying the boundary conditions (39).
Using (43), it is not hard to prove the following Theorem.

Theorem 3. (Two boundaries are simply supported) The solution of the following ring-plate
problem

Vw=p@r,0) wia,0)=S50),
92w 10w 1 92w
— -—t 55— =M (0), 44
|:8r2 +M<r 8r+r2 892>:| Y 0(®) (44)

(b.6)=50(6) 9w N 10w n 1 92w
w . = _— —_——_— _——
O T Far T2 062

=M (9)
r=>b
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is given by

w(r,0) =ws(r,0) + Agyo(r) +¥1(r)(A; cosd + B sinf) + Z Y (r) (A, cosnb + B, sinnb),

n=2
where
b 2r b o _
Ag= - - M@®)do, A= - - M(6) cos6d6,
27 [by (b) + ()] Jo 7 [by] (B) + ny ()] Jo
2 2
b M(@®)sin6do, A, b M () cosnodo,

B = =
YT by &)+ v )] Jo 7 [y b) + v, ()] Jo

b 2

3211)2
B,=
7 [y (D)4}, (b)) Jo

- . - - |: (1 owy 1 82w2>:| ‘
M (©0)sinn6dd, MO)=My@)—| —54+u|-——+— .
r=b

ar? r or r?2 962
3.1. EXAMPLE 4

Consider the bending of a uniformly loaded ring-plate, with bending moments m; acting
around the curved edge r =a, and bending moments m; acting around the curved edge r=5.
In this case, we have ¢(r, 0) =qo, So(0)=So(0) =0, My(0)=m1, My(0)=m>. Using the Exam-
ple 1, we find

wi(r,0) = AGr? —a®) (= b?).

A straightforward computation shows that

2 1 1 2
M(0>=Mo(e>—[aﬂ+u< w12 ““)}

ar2 For 2 902 =m1 —2A[A+2Qa° —b7)].

r=a

Thus, we have
202 12 log L +i0
—b gL .
wa(r,0)=w(r,0)+ M%e / M (—iv)dv
2A —log Z+if

—AG2—bY) <r2 —d®+ K log f) ,
a

where K| = {m172A[A+i(2a27b2)]}a2. Noting
M(@) i ) 82w2 n 10w, n 1 82w2 248
= — | —= -t = — =my — s
0 ar? ’ r or r2 9602 b 2 0
where 8g=(1+p)(b* —a?)+4b>+ 2K+ (1 + K logs, by the Theorem 3, we get
b(my —2A80)
Ap=—rp D A,=B,=0(n=>1).
by (D) + uipy (b)

Thus, the solution of the boundary-value problem is given by
w(r,0) =wa(r, 0) + Aoy (r).

For the following four numerical examples (Figures 1-4), the following parameters have been
used: a=2, b=1, u=0.5, A=0-05, m; = Amy, mr=Amy, mi=m»=0 in Figure 1, m; =10
and m»> =0 in Figure 2, m; =10 and m>=—6 in Figure 3, m; =—20 and m» =0 in Figure 4.



Figure 1.

Figure 3. Figure 4.

3.2. EXAMPLE 5

Consider the bending of a ring plate subjected to a linear varying load and simply supported
around two curved boundaries. In this case, we have g(r,0) = Lrcos6 and Sy(0) = Sy(6) =

i a
My(0) = My(6) =0. Similar to the Example 4, a straightforward computation shows that the
solution of the boundary-value problem is given by

w(r, 0)=ws(r,0)+ A1y (r)coso,

where
B M
wy(r,0) = — (r2 —a®) (r? — b?) <2r2 +a®+b* - —0) cos#,
2r A
_ BbMo
byr{(b) + uyr{ (b)’

1
Mo= (- a®)[(1 = )b = (1 + 3p)a>| - 16a*,

I M oM
My=—H 12— a?) (a2+3b2——0>—2b <9b2—a2——°).
b A A
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4. Conclusions

This paper presents a new method of constructing the solutions of ring-plate problems. The
method can be described as follows. First, based on the general solution formula of the bihar-
monic equation (2), the general solution of the ring-plate problem is written in the form (3).
Second, by (3) and solving three simple functional equations, the solution of the ring-plate
boundary-value problem is represented in terms of a single function upon satisfaction of three
boundary conditions. Third, in order to satisfy the fourth boundary condition, the single arbi-
trary function is decomposed into a Fourier series. Finally, by the fourth boundary condition
and the Fourier-series expression of the solution, the Fourier coefficients are determined.

By this method, we have found a simpler solution formulae for ring-plate problems in the
following three cases: (1) two boundaries are built-in; (2) a boundary is built-in and another
is simply supported; (3) two boundaries are simply supported. Five examples have been given
and four numerical solutions were provided.

There are three advantages to using the method of constructing the solution of boundary-
value problems for the ring-plate geometry. First, we can construct directly the solution by
the solution formulae. Second, the form of the solution obtained by the method is simpler
than obtained by the classical Fourier-series method. Finally, we do not have to solve eight
complex linear algebraic equations.

The method can also be used to solve boundary-value problems for the ring plate with a
free boundary and some interesting mixed boundary-value problems, for example, ring plates
supported at several points around two curved boundaries. The author succeeded in con-
structing exact solutions of the semicircular-plate problems which are built-in along the diam-
eter edge by the method presented in the paper. The result will be given in a forthcoming
paper. An interesting open problem is whether or not the solutions of all sectorial-plate prob-
lems can be constructed by the present method.
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